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23. Answer (C): Let T be the point where the tangents at A and B
intersect. By symmetry T lies on the perpendicular bisector £ of AB,
so in fact T is the (unique) intersection point of line £ with the z-axis.
Computing the midpoint M of AB gives (9,12), and computing the

slope of AB gives 163__1121 = —%. This means that the slope of £ is 3, so
the equation of ¢ is given by y — 12 = 3(x — 9). Setting y = 0 yields
that 7' = (5, 0).
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Now let O be the center of circle w. Note that OA | AT and OB L
BT, so in fact M is the foot of the altitude from A to the hypotenuse
of AOAT. By the distance formula, TM = 44/10 and M A = +/10.
Then by the Altitude on Hypotenuse Theorem, MO = i\/ﬁ, so by
the Pythagorean Theorem radius AO of circle w is i\/ﬁ As a
result, the area of the circle is
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OR

As above, the line y — 12 = 3(z — 9) passes through T'(5,0) and the
center of the circle O. The slope of line AT is 13, so the slope of AO

is —7. The equation of line OA is 13(y — 13) = 6 — 2. Thus the
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intersection of line AO and line OT is O (%, %) Then the radius of
the circle is

37 2 /51 2
oa=y(Z o) + (% w) = vim

as in the solution above.

Answer (C): First note that it suffices to study y, = =, — 4 and
find the least positive integer m such that y,, < ?lm Now yg = 1 and

Yn (yn + 9)

Ynl =T R0
Observe that (y,) is a strictly decreasing sequence of positive num-

bers. Because
Yn+1 -1 1

Yn Y+ 10°

it follows that
Yn+1 < E

9
10~ y, — 11

and because yp = 1,

for all integers k > 2.
Now note that

1%<9
2 10

because this is equivalent to 0.5 < (0.9)* = (0.81)2. Therefore

1\* 1
5 <ym_ﬁa

so m > 80. Now note that

11 10 1 10 1
=) =(1+= 1410 — =2
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25.

Thus

so m < 201. Thus m lies in the range (C). (Numerical calculations
will show that m = 133.)

Answer (C): Forn > 2, let a,, be the number of sequences of length
n that begin with a 0, end with a 0, contain no two consecutive Os, and
contain no three consecutive 1s. In order for the sequence to end with
a 0 and satisfy the conditions, it must end either 010 or 0110. Thus
ay, = Gp—2 + ay—3. The initial conditions for this recurrence relation
are ap = 0, ag = 1 (the sequence 010), and ay = 1 (the sequence
0110). Then as =az+as =1+0=1,a6 =ag4+az3 =1+1=2,
ar =as+ayg =1+ 1 =2, and so on. A bit of calculation produces
the display below; a9 = 65.

10 11
5 7

n |2
an, | 0

345 6 7 8 9
111 2 2 3 4

n |12 13 14 15 16 17 18 19
an | 9 12 16 21 28 37 49 65

OR

There are four cases, depending on the number of Os in the string. If
there are 10 Os, then there are 9 1s, and because no two 0s can be
consecutive, the string must be 0101010101010101010. If there are 9
0s and 10 1s, then there are 8 gaps between the Os into which at least
one but no more than two 1s must be placed, and there are (g) ways
to choose the gaps into which to place two 1s. Similarly, if there are

8 0s and 11 1s, then there are (Z) ways to choose the gaps into which

to place two 1s; and if there are 7 Os and 12 1s, then there are (g)
ways to choose the gaps into which to place two 1s. There cannot be

more than 10 nor fewer than 7 0s. The number of possible strings is

8 7 6
1+<2>+<4>+<6> =1+28+35+1=65.
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Problems and solutions were contributed by David Altizio, Chris
Bolognese, Thomas Butts, Barbara Currier, Steven Davis, Marta Eso,
Peter Gilchrist, Jerrold Grossman, Varun Kambhampati, Jonathan
Kane, Hugh Montgomery, Mohamed Omar, Albert Otto, Joachim
Rebholz, Mehtaab Sawhney, Michael Tang, Roger Waggoner, David
Wells, Carl Yerger, and Paul Zeitz.
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