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other half of these cases |z — y| will be 1. This contributes * - 1 = 1

h i'2738
to the probability that |z —y| > 3.

The probability that the first coin flip for = is heads and the first coin
flip for y is tails or vice versa is % In such cases, one of the variables
is 0 or 1, and the probability that |z — y| > % is % This contributes

1.1 =1 to the probability that |z —y| > 3.

Finally, }1 of the time both = and y will be chosen uniformly from
[0,1]. In this case, the situation can be modeled by the following
diagram, in which the area of the shaded region gives the probability

that |z —y| > % This contributes % . % = 1—16 to the probability that

|z —y| > % The requested probability is % + i + % = %.
Y
(0,1) (1,1)
(0,0) (1,05

Answer (C): Define a round to be the recitations done during the
successive turns of Tadd, Todd, and Tucker, in that order. Note that
Tadd says 1 number in round 1, 4 numbers in round 2, 7 numbers in
round 3, 10 numbers in round 4, and, in general, 3N — 2 numbers in
round N. In turn, Todd says 3N — 1 numbers and Tucker says 3N
numbers in round N. Therefore 9N — 3 numbers are recited by all
three children in round N. During the course of the first N rounds
Tadd recites a total of 1 +4+ 7+ 10+ -+ + (3N — 2) numbers. The
sum of this arithmetic series is
3N-1 3 ., 1
N - 5 = §N §N .

During the first N rounds, all three children recite a total of 6 + 15+
24433 + -+ 4+ (9N — 3) numbers. The sum of this arithmetic series

is
9N +3

2

N

9 3
=_-N?+ZN.
SRR

The number of rounds prior to the round during which Tadd says his
2019th number is the greatest value of NV such that %N 2_ %N < 2019.
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Multiplying by 2 yields 3N? — N < 4038. If N = 36, then the left
side is 3 - 1296 — 36 = 3852; and if N = 37, then the left side is
31369 — 37 = 4070. Therefore the N being sought is 36, and Tadd
has recited %-3852 = 1926 numbers after 36 rounds. During round 37,
Tadd will recite 3-37—2 = 109 numbers, including his 2019th number.

After 36 rounds have been completed, the children combined will have
recited

9 3 9
5-362+§-:-’,6:5-1296+54=5832+54:5886

numbers, the integers from 1 through 5886.

Tadd will say his 2019th number when he has completed reciting
2019 — 1926 = 93 numbers in round 37. This number is 5886 + 93 =
5979.

Answer (B): Because
23— 2222 + 80z — 67 = (x — p)(z — q)(z — 1),
multiplying the given equation by the common denominator yields
1=A(s—q)(s—r)+B(s—p)(s —r) + C(s —p)(s —q).

This is now a polynomial identity that holds for infinitely many values
of s, so it must hold for all s. This means the condition that s ¢
{p,q,r} can be removed.

Setting s = p yields 1 = A(p — ¢)(p — 1), s

o4 =@—-qp-r).
Similarly, = = (¢ — p)(¢ — r) an % =(r—p)(r—

q). Hence

1 1

Tt e—de-r+@-plg-r)+r-pr -9

=(p+q+7)*—3(pg+qr+rp).

Ql=

By Viete’s Formulas p + ¢ + 7 is the negative of the coefficient of z2
in the polynomial and pq + gr 4 rp is the coefficient of the = term, so
the requested value is 222 — 3 - 80 = 244. (The numerical values
(p,q,r, A, B,C) are approximately (1.23,3.08,17.7,0.0329, —0.0371,
0.00416).)

Answer (D): Let
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First, note that A, is an integer when n = 1. Next, observe that if n
is prime, then A,, is not an integer because the numerator has n — 1
factors of n but the denominator has n such factors. Note also that A4
is not an integer, because the numerator, 15!, has 7+341 = 11 factors
of 2, whereas the denominator, (4!)4, has 12 factors of 2. Therefore
for n > 2, in order for A, to be an integer, a necessary condition
is that n be composite and greater than 4. The following argument
shows that this condition is also sufficient.

First note that

n!  (n—1)!

n2 n
If n = ab, where a and b are distinct positive integers greater than 1,
then @ is an integer because both a and b appear as factors in
(n — 1)I. Otherwise n = p? for some odd prime p. In this case
p? —1 > 2p, so (n — 1)! has at least two factors of p and again @
is an integer.
Now the number

(n?)!
(nl)n+1

is an integer because this expression counts the number of ways to
separate n? objects into n groups of size n without regard to the
ordering of the groups (which accounts for the extra factor of n! in
the denominator).

By combining the previous two paragraphs, it follows that

2 _1)] 2 gl
Ap = (n(ny)n) = (73;71)-‘,-1 ' %

is an integer if and only if n = 1 or n is composite and greater than 4.
Thus the answer is 50 minus 1 minus the number of primes less than
or equal to 50, which is 49 — 15 = 34.

Problems and solutions were contributed by David Altizio, Risto
Atanasov, Thomas Butts, Barbara Currier, Steven Davis, Zachary
Franco, Peter Gilchrist, Ellina Grigorieva, Jerrold Grossman, Jonathan
Kane, Joseph Li, Hugh Montgomery, Mohamed Omar, Albert Otto,
Joachim Rebholz, Mehtaab Sawhney, Michael Tang, Roger Waggoner,
Carl Yerger, and Paul Zeitz.
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